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1. Introduction

Interest in a geometric understanding of generalized backgrounds in string theory has re-
cently been fueled by Hitchin’s proposal of a unified description of the spacetime metric
and the Neveu-Schwarz two-form [[l. This approach is of intrinsic mathematical appeal
and has proven valuable in compactifications of string theory on generalized complex man-
ifolds [B, B, and in studying D-branes and mirror symmetry [[|-f. However, the basic
premise of string theory, namely the replacement of point particles by strings, suggests an
alternative geometric picture: manifolds equipped with an area measure. These present a
true generalization of Lorentzian manifolds because only some area measures can be in-
duced from a metric. In particular both a metric and a B-field may contribute to an area
measure, as we will show, but the geometry of area metric manifolds is even more general.

This generality comes at a price; while the tangents to worldlines constitute vector
spaces, the tangent areas of string worldsheets merely form a polynomial subspace, a so-
called variety, of the vector space of antisymmetric two-tensors (which are often termed
bivectors in the literature and play an important role in many areas of general relativity, for
instance in the Petrov classification of the Weyl curvature [§]). Tensors, being linear maps
between vector spaces, are incompatible with the non-linear structure of a variety. This
simple fact obstructs a routine construction of covariant derivatives and associated tensors
from the area metric. In this paper, we develop the geometry of area manifolds aiming



at the identification of relevant structures. We show that an area metric determines only
part of a connection, namely what we term a symmetric pre-connection. The symmetric
pre-connection in turn determines a derivative action of areas on areas which is sufficient
to rewrite the string equation of motion, or the stationary surface equation, in a concise
coordinate-independent form. This attaches particular relevance to the symmetric pre-
connection because stationary surfaces probe the structure of area metric manifolds the
same way geodesics probe the structure of metric manifolds.

The area geometry developed in this paper surfaces naturally in the context of string
theory. We show that the Polyakov action for the fundamental string in a target space with
non-vanishing Neveu-Schwarz two-form is classically equivalent to a surface area functional
on an area metric manifold. The area measure on this manifold is the sum of the separate
area measures induced from the metric and the two-form. Moreover, the area metric
manifold structure reflects in the effective action for D-branes: these cannot be regarded
as embedded Lorentzian manifolds, but find a neat geometric interpretation as area metric
manifolds; the area metric in this case is a particular combination of the metric, the B-field
and the U(1) gauge field on the brane. Thus area geometry is a geometric way, alternative
to Hitchin’s, of understanding generalized geometries in string theory.

The construction of differential operators relevant for the geometry of areas in this
paper is completely canonical: the area metric is treated as a fundamental structure on the
manifold, which contrasts our recent work in [{], where area metric geometry was discussed
as a multi-metric geometry by employing a particular Gilkey decomposition [[[0], [L1]] of the
area metric. The identification of canonical differential geometric structures in the present
paper sets the stage for the search for area geometric invariants which, in the light of our
findings, promise to be of relevance for the description of gravity on D-branes [[2—[7].

As a mathematical application we briefly consider the hierarchical structure of a man-
ifold both with metric and independent area metric, which is a natural extension of metric
manifolds from the point of view of category theory, and has been considered analogously
in the context of higher gauge theories [I6—[[§. While symmetric pre-connections cannot
be used to define a covariant derivative, we show that any symmetric pre-connection can be
extended to a proper connection on the antisymmetric two-tensors (into which the variety
of areas is embedded), which then allows the construction of tensor invariants in stan-
dard fashion. This extension requires an anti-symmetric pre-connection which cannot be
constructed from an area metric, but interestingly from a standard metric. The resulting
connection has the desirable property that areas are parallely transported into areas.

The organization of this paper is as follows. We define area metric manifolds in sec-
tion f], and then proceed with the axiomatic definition of pre-connections in section ] where
we further show how a symmetric and an antisymmetric pre-connection may be combined
to build a connection on the antisymmetric two-tensors. A canonical area derivative, com-
pletely defined in terms of the symmetric pre-connection, is introduced in section [f. This
area derivative is used in the following section [ to rewrite the string equation of motion,
which is discussed in full generality as a stationary surface on area metric manifolds. The
application of area manifolds in understanding generalized string backgrounds and the
identification of D-branes as area metric manifolds is made in section fj. With the help of



both a symmetric and an antisymmetric pre-connection we construct tensors on manifolds
equipped with a metric and an independent area metric in section [f. We conclude with a
discussion in section f§.

2. Area metric manifolds

We consider smooth d-dimensional manifolds M equipped with a fourth rank covariant
tensor G with the following symmetries

G(X,Y,A,B) = —G(Y,X,A,B) = G(A,B,X,Y). (2.1)

Via linear extension the map G naturally provides us with a linear map from the space of
antisymmetric contravariant two-tensors /\2 TM to its dual,

G:N’TM — (N> TM)*. (2.2)

In case the inverse G~ : (A2 TM)* — A? T M of the above map exists everywhere on M,
we call G an area metric and (M, G) an area metric manifold. Note that the area metric G
may be uniquely decomposed as the sum of an algebraic curvature tensor and a four-form,
which are irreducible under the local frame group SL(d,R).

Any metric manifold (M,g) is an area metric manifold (M,Gy), by virtue of
Gy(X,Y,A,B) = g(X,A)g(Y,B) — g(X,B)g(Y, A), which is readily seen to be an area
metric. But not every area metric is induced by a single metric, but rather by a finite col-
lection of metrics {g(l), oo g )} via a decomposition theorem for algebraic curvature maps
due to Gilkey [Id]. It follows from this theorem that any area metric can be decomposed
as

N
G=F+ ZU(’) Gg(i) , (2.3)
i=1

with signs o(;) = +1 and a four-form F. Unfortunately, the decomposition is far from
unique, and only a redefinition of area metric geometry as multi-metric geometry (by
picking a particular decomposition), as in [Jf], allows to base the construction of curvature
invariants on the constituent metrics ¢(¥. In this paper we therefore do not consider any
such decomposition.

It is not obvious how to construct some curvature tensor associated with an area
metric G in a decomposition-independent fashion. This difficulty essentially roots in the
fact that oriented areas, unlike vectors, do not constitute a linear space. More precisely,
we observe that any area metric G may indeed be used to consistently assign a surface
area to any given oriented area X AY, where X and Y are two vectors in the same
tangent space. Clearly, X AY is an element of the vector space /\2 TM, but a generic
antisymmetric two-tensor ) € /\2 TM may only be written as the exterior product of two
vectors if Q2 A € = 0. Such elements of /\2 TM are called simple and constitute the space
of oriented areas A?TM. As the simplicity condition is polynomial, A2TM is an affine
variety embedded into the vector space /\2 TM:

A2TM = {Q e N2TM|Q A Q} (2.4)



Strictly speaking, the area metric G only ought to act on the variety A>T M, which already
renders G non-tensorial. Indeed, it is not possible (without resorting to a particular Gilkey
decomposition) to construct an affine connection from G, let alone tensors; not even on
the embedding space A2 TM > A2TM.

3. Pre-connections

In this section we define symmetric and antisymmetric pre-connections on an area metric
manifold (M, G) into which any /\2 TM connection uniquely decomposes. The following
sections [l and | then will show that symmetric pre-connections are of central importance
for area geometry.

A symmetric pre-connection D.(, ) on an area metric manifold (M, G) is a map sending
a vector X and two sections 2, % of the bundle of antisymmetric two-tensors /\2 TM to

the function Dx (£2,X) € C°°(M) which satisfies the following properties

Dx () = Dx(%,9) (3.1a)
Dx1fv(©2,2) = Dx(0,X) + fDy (2, %), (3.1b)
Dx (2,5 +®) = Dx(Q,5) + Dx(Q, ®), (3.1¢)

Dx(Q,f¥) = fDx(,%)+ (Xf)G(Q,X). (3.1d)

This means the symmetric pre-connection is C°°(M)-linear in X but only R-linear in
and X. The Leibniz rule in the last line holds identically for Dx(f€, %) because of the
symmetry. A symmetric pre-connection is determined by provision of the coefficients
Ouyasbibre = De(€ay A €ay, e, A ep,) which consequently appear in the coordinate expansion
of the function Dx (Q,X):

Dx (2, %) = XD(QU2E2)G bty + X O anbyhpeQW1250102 (3.2)

Our conventions for the coordinate representations of objects and operations are explained
in the appendix. Under a coordinate change with the matrix ¢g’ = 9z /0z the coeffi-
cients © transform according to

< ay yay by b5
¢bl¢b2¢ Ou) b, tyer + Oc ( a1 @a> Py, Py ) Gagasbivy, -

We will find that symmetric pre-connections are at the heart of area metric geometry.

ealagblbgc - (33)

In order to illuminate their relation to affine geometry we also introduce antisymmetric
pre-connections and show that both are needed to compose connections.

An antisymmetric pre-connection D.[-,-] on an area metric manifold (M, G) is a map
sending a vector X and two sections €2,Y of the bundle of antisymmetric two-tensors

A’ TM to the function Dx[2, ¥] € C°°(M) which satisfies the following properties

Dx[2,5] = —Dx[2,9), (3.42)
Dx4sv[€, 3] = Dx[Q,X] + fDy[Q, 3], (3.4b)
D[, 5+ ®] = Dx[,5] + Dx[Q, @], (3.4c)

Dx[, f¥] = fDx[Q, %] - (Xf)G(Q,%). (3.4d)



Note that the antisymmetry implies that
Dx[fQ, %] = fDx[Q, 3] + (X [)G(,X). (3.5)

The antisymmetric pre-connection is C*°(M)-linear in X and R-linear in Q and X. It is
determined by coefficients =g, 4,6,50c = Del€ay A €ays €, A €p,] which under a coordinate
change transform according to

Ealazblbzc = Z} gg (bzli ¢Zé (nga/la/Qb’lb/Qc/
+ [0 (6ai062) 6yt s — datdazoe (601 ) | Gapayprny (3.6)
The coordinate expansion of the function Dx [, 3] reads
Dx[Q, %] = X° (acmmzbl@ - Qm@aczblb) Garasbitn + X Earagbibye212T02 - (3.7)

Due to the antisymmetry the two terms in bracket cannot be combined using the product
rule, in contrast to the symmetric case of expression (B.J) above.

We now show that on an area metric manifold any /\2 T M connection uniquely decom-
poses into a symmetric and an antisymmetric pre-connection. An important corollary of
this insight is the existence of pre-connections. Consider the following sum of a symmetric
and an antisymmetric pre-connection:

Dx(2,%) + Dx[Q,X]. (3.8)

Due to the different symmetry properties of the pre-connections, the above sum is now
C°(M)-linear in ¥, which puts us into the position to define a connection V on the
bundle /\2 TM by letting

VXQ::%G’%DXGLJ4aDXm,LJ. (3.9)

Indeed, the vector entry X is C°°(M)-linear, and the entry 2 is R-linear. Under smooth
rescalings of 2 by a function f on the manifold we also find the expected Leibniz rule

Vx(fQ) = fVxQ+ (XF)Q. (3.10)

The coeflicients I'“1?, .5 of the /\2 TM bundle connection are easily expressed in terms
of those of the pre-connections by

1 —
L2 agh = §G6162p1p2 (Oayazpipab + Eayaspipab) - (3.11)

Conversely, by the invertibility of the area metric G this shows that on an area metric
manifold any /\2 TM connection can be uniquely decomposed into a symmetric and an
antisymmetric pre-connection.

There is a natural compatibility criterion for /\2 TM connections with respect to the
area metric G which fully determines the symmetric pre-connection. Let V be an arbitrary
connection on the /\2 TM bundle over an area metric manifold (M,G). The connection

V is called area metric compatible if the area metric is preserved under parallel transport,



i.e., if
VxG=0. (3.12)

While this requirement is formulated in terms of a covariant derivative, it does only present
a condition on the symmetric pre-connection D.(-,-) because

(VxG)(Q,2) = XG(Q, %) — Dx(2.%). (3.13)

Importantly, it follows that area metric compatibility uniquely determines the symmetric
pre-connection coefficients © as

@alagblbgc = acGalazblbz . (314)

A further geometric implication of area metric compatibility is that areas are parallely
transported into areas on even-dimensional area metric manifolds. To see this consider the
volume form w on (M, G) with components

Way.ay = (1)L det @)Y/ C2g, (3.15)

where ¢ is the totally antisymmetric density, and the determinant is calculated for
G: N°TM — (N> TM)*. Area metric compatibility implies

1 1
Fmnmnb = ZGmanemnqu = ZGmnpqamenpm (3-16)

which is equivalent to Vxw = 0 as shown in [J]. This in turn implies that the simplicity con-
dition QAQ = 0 (for Q to be an area in A2T'M), which may be written w(Q,Q, *,...,*) =0,
is preserved under parallel transport. Since area metric compatibility preserves the inner
product under parallel transport, it also preserves the normalization of any /\2 TM basis
{ea} which one may choose as G(ea,ep) = Nap, with the pseudo-Riemannian area metric
7 =diag(—1,...,—1,1,...,1) of signature <d -1, (dgl)).

We may thus show that the structure group GL(d), which acts in a (g)—dimensional
representation on the /\2 TM bundle, is reduced by the introduction of an area metric.
Generically, the action of a transformation P in GL(d,R) on 2 in /\2 TM is given by

(PQ)™2 = 2P™, P2, Qb2 (3.17)

Now consider a transformation P in GL(d) which respects the orthonormality of the basis.
Using (B.17), the required condition G(Pey4, Peg) = G(ea,ep) is then equivalent to

ﬁGIGlebQ = 4ﬁ0102d1d2pqa1P62a2pdlblpd2b2 . (3'18)

In contrast to the general case, the area metric n can always be induced from a single
metric, namely the Minkowski metric 7, since 14, a0b165 = Ma1by Nagbs — NaibsNagb, - Lhe above
condition can thus be rewritten as

QL@ = slos” (3.19)



for Q = n~'P!'nP. Taking a simple trace yields (Tr Q)Q — Q2 = (d — 1), where Q can be
brought to Jordan normal form (over the complex numbers) and so the traced condition
must be satisfied for each Jordan block. If any one of the blocks were non-diagonal the
traced condition could not hold, as Q? then would have a second superdiagonal. Hence
the Jordan normal form of Q is diagonal, and the full condition (B.19), also transformed to
Jordan normal form, can be written in terms of eigenvalues ¢(4) of @ as (q(a)q(b) — 1)5?52} =
0. It follows that g(,)qp) = 1 for all a # b, so that, in dimension d > 2, all eigenvalues
of Q are either +1 or —1. Hence Q = 44, or PinP = +1. For the lower sign the
invertible transformation P maps spacelike vectors to timelike ones and vice versa. For a
real transformation P this is only possible for metrics 1 of signature (s, s) which are not
Lorentzian for d > 2. For the upper sign, P is a Lorentz transformation. In our case
therefore, the structure group is reduced as in the case of standard metric compatibility
GL(d) — SO(1,d —1). This is compatible with the notion of the Lorentzian structure of
an area metric manifold which is still apparent from the cones formed by the null planes.
Note that in contrast to metric geometry, no condition such as vanishing torsion is needed
to fully determine the coefficients of the symmetric pre-connection.

4. Canonical area derivative

We have seen that on an area metric manifold (M,G), a connection uniquely decom-
poses into a symmetric and an antisymmetric pre-connection, and that the symmetric
pre-connection is uniquely determined by the requirement of covariant constancy of the
area metric. In section J] we will demonstrate that the equation for stationary surfaces can
be written in terms of a derivative action of areas on areas, whose definition solely depends
on the symmetric pre-connection. For the sake of clarity we define this derivative action
before relating it to the stationary surface equation.

More precisely, we now construct a 7™ M-valued derivative Dy of an area X = X AY
in A?T,M acting on a section  of the bundle A’ TM of antisymmetric two-tensors. The
definition will only involve the symmetric pre-connection: for any vector Z we define

1
DsQZ)=Dx(QLY NZ) — §G(Q,£XY A Z) + terms cyclic in XY, Z. (4.1)

This is well-defined as the right-hand side is invariant under SL(2,R)-transformations of
the representatives X,Y for ¥. Checking this requires some amount of algebra and the
crucial fact that the derivative of the unit determinant of the transformation vanishes. One
easily sees that for a function f and a vector W

DsQ(fZ + W) = fDsQUZ) + DsQUW), (4.2)

so that Dy ) is indeed a one-form. We cannot expect additivity in 3, as no addition of
generic elements can be defined on A>T M, except in case the two summand areas intersect.
The derivative is, however, homogeneous in X,

D = D). (4.3)



The area derivative Dx{) displays the additivity property for sections 2, ® of /\2 TM:; but
an inhomogeneous term is generated under rescalings of € by a function f:

DE(Q + Q)) = DxQ + Dxn®, (44&)
Ds(fQ)(Z) = [DsQZ) +3G(Q, (S A Z)idf). (4.4b)

The occurrence of the area metric G in the rescaling property derives from the fact that it
is used in the definition of the symmetric pre-connection. For the coordinate expansion of
Dzﬁ(Z) we find

3
Ds(Z) = Zz[adze} (Gbcadaeszbc 4 chebcade) , (4.5)

which again explicitly displays the dependence of the area derivative on the symmetric
pre-connection only. For the area metric compatible symmetric pre-connection defined by
the coefficients (B-I4)) this can be rewritten as the following evaluation of a three-form:

DsQ(Z) = d[G(Q,)](E A Z). (4.6)

5. Stationary surfaces

Stationary surfaces probe the geometry of area metric manifolds (M, G); they are geo-
metrically well-defined objects obtained by variation of the surface area functional defined
by G. We demonstrate that the corresponding Euler-Lagrange equation only depends on
the symmetric pre-connection. In gauge-fixed form the equation requires the vanishing
of Do) which is thus identified as the mean curvature one-form of the surface.

We begin by considering the Nambu-Goto action which measures the worldsheet area
of a string moving in the target space manifold M. The embedding functions % depend
on the parametrization by the worldsheet coordinates ¢ = (7,0). The classical form of
the action is based on length measurement through a target space metric g pulled-back to
the worldsheet,

Sng = /dza\/det D203zt gap () . (5.1)

The determinant under the square root can be expanded, yielding (Gg)abcdgb“x'bicx’d with
the induced area metric (Gg)abed = GacGbd — JadJbe-

In order to obtain the action that is our generalized starting point we now replace
the induced area metric Gy by a general area metric G. Abbreviating Q = & A 2’/ with
Qab = 9253lagtl where dot and prime respectively denote differentiation with respect to 7
and o, we then have

1
S=1 / 0\ [ Gapea() Q0024 (5.2)

Note that Q = 4 A 2’ is a section of A?T'M. But not any section of A?T'M is integrable,
i.e., arises as the tangent area distribution of some surface. The necessary and sufficient
criterion for integrability is the Frobenius criterion which can be concisely written

{Q’Q} =0. (5.3)



The anticommutator bracket maps two /\2 TM sections to /\3 TM and is defined by its
action on one-forms [ as follows

{5 w=-(Ly o+ Lo X —2Y1dw Q-2 dw 1Y), (5.4)

1
3
where £ denotes the Lie derivative and the conventions for the contraction symbols are
explained in the appendix.

We vary the area metric string action (5.3) with respect to the worldsheet embedding
functions z%(c®) to obtain the minimal surface equation in terms of the area metric G and
its partial derivatives, and Q = @ A z/. This yields

1 1
QY90G ypeq + QT QA <3fGabcd - ZabGafcd> = §QanCdGabcdaf In (GpgrsQPI1Q")
(5.5)

if boundary conditions are chosen such that

GabchCd GabchCd

do—tbe___ s "
/ClogrsQPIQT /ClogrsQPIQT>

Here the first integral is evaluated at the boundary of the original 7-range, and the second

sl + [ dr gzt = 0. (5.6)

integral is evaluated at the boundary of the original o-range.
The stationarity condition (F.§) may be written in the coordinate-free form

ZG(Q,Q) — 2d[G(Q,)](QAA Z) = —2G(Q, Z A QL dIn G(2,9)]) . (5.7)

It is now easily checked that this equation is reparametrization invariant under £ — fQ.
Note that no reparametrization affects the integrability of an area distribution © in A>T M
since {fQ, fQ} = f2{Q,Q}. Choosing a parametrization with constant G(Q,(2) removes
the first term and the right hand side. We then see that the stationary surface equation
can be written in terms of an area metric compatible symmetric pre-connection using

equation (f.6) as
DaQ =0, (5.8)

at which point the central relevance of the symmetric pre-connection and area derivative for
area metric geometry becomes manifest. The stationary surface equation for an embedded
surface is thus written as the condition on its tangent area distribution € which is a section
of A2TM, if it is supplemented by the integrability condition (5.3).

The stationary surface equation requires the vanishing of the one-form Dn{2 which
therefore presents a generalization of the mean curvature vector that vanishes for any

two-dimensional minimal surface embedded into a Riemannian manifold.

6. String backgrounds and D-branes

Area metric geometry provides a natural framework for the discussion of classical strings.
We show that the fundamental string action on a generalized background can be cast into
the form of a surface action on an area metric manifold, and that this clarifies the equal



roles played by g and B in the formation of the area measure. Most interestingly, the area
metric manifold structure is still apparent in the D-brane effective action. This suggests
that gravity induced on D-branes could be given by area metric manifold dynamics.

Strings on a generalized background consisting of a metric g and a Neveu-Schwarz
two-form B are governed by the Polyakov worldsheet action

Sp / Loy (17 + ) 0,052 (gun + Bus) (6.1)

where v is the worldsheet metric and e,3 = \/—7e43 the antisymmetric Levi-Civita tensor.
This action can be rewritten in the following form,

Sp / d*o\/— (1= A2)det(y — Ae) (v — Ae) 1 P 0,2%052° (gap + A" Bup) ,  (6.2)

as can be seen by expanding det(y — Ae) and (v — Ae)~!. Formally, this looks like a
Polyakov action with worldsheet metric ¥ = v — Ae, which however is non-symmetric and
thus does not admit a straightforward geometric interpretation. The combination v — Ae
can be eliminated from this action in standard fashion by substituting the algebraic ‘energy-
momentum’ constraint obtained by variation with respect to 7, leading to the classically

equivalent Nambu-Goto type action

Sng = /d%\/_ (1 —A2)det Oax®3xb(gap + A1 Bap) - (6.3)

To see that this action has a clear interpretation within area metric geometry, we first
define for any invertible map m : TM — T*M an induced area metric G,, : /\2 ™ —
A’ T*M by

Con(X,Y,U,V) = %{m(x, Uym(Y, V) = m(X,V)m(Y,U) + (X,Y) & (U, V)] (6.4)

Note that the explicit symmetrization is not needed in case m is either purely symmetric
or antisymmetric. Using this definition one immediately finds, with Q = & A 2/,

Sna = /d%\/a —X2) Gypro15(2,9). (6.5)

While there is no meaningful interpretation for the non-symmetric tensor g + A\~'B as a
length measure, G, -1 is a meaningful symmetric area metric. The classical equivalence
of (6.5) and the Polyakov action (.1]) shows that the classical string background with g and
B can be interpreted as an area metric manifold (M, Gy 5-15) for any A with A2 #£0,1.
Hence there is a one-parameter family of area metric manifolds representing the geometry
of string backgrounds with non-vanishing B-field. The simple fact

Ggia-15(,X) = Gy(,5) + G\-15(2, %) (6.6)

further reveals that both g and B independently contribute to the total area measure, while
none of them plays a distinguished role.

,10,



The area metric manifold structure (M,Ggy4p) of the fundamental string action is
reflected also in the string-induced Dirac-Born-Infeld action which appears as the effective
action for a gauge field A induced by open strings ending on a D-brane M [[[9-P2:

SpBI = / V/—det(g + B +21d/F). (6.7)
M

This may be interpreted as the volume of the D-brane, but the volume form cannot be
that of a Lorentzian manifold (because this would require a non-symmetric metric g + B +
27’ F). An area metric, on the other hand, can absorb the modification by B and by the
gauge field. The Born-Infeld action, and thus the D-brane volume, can be written as the
canonical volume () of an area metric manifold.

This becomes possible through the following determinant identity for any map m :
TM — T*M, for which m = mgs + m, is the canonical split of m into its symmetric and
antisymmetric part:

(det m)4~1 = det (G, + Ka(m)Gm, ), (6.8)

where the area metric determinant on the right hand side is calculated for the corresponding
matrix in the /\2 TM basis. Interestingly, a scaling function rg4(m) depending on the
spacetime dimension and on the matrix m appears in front of the area metric contribution
induced from the antisymmetric m,, as for the fundamental string (x ~ A~2). While
computer algebra shows the existence of this function for any dimension 2 < d < 11..., it
is very difficult to obtain its analytical expression for larger d. For d = 2 one simply finds
constant ka(m) = 1, for d = 3 the expression becomes r3(m) = 1 + det(m 'm).
Using the determinant identity, we now rewrite the Dirac-Born-Infeld action as

>1/(2d72) 6.9)

Spp1 = / ((—1)d_1 det (Gg + kqlg+ B+ 27TO/F)GB+27ro/F)
M

Hence D-branes are area metric manifolds, but not Lorentzian manifolds.

7. Application to manifolds with metric and area metric

We have identified the symmetric pre-connection and the associated area derivative oper-
ator as structures of central importance to area metric geometry. In particular we have
shown that the area metric induced symmetric pre-connection determines the stationary
surface equation. It seems not possible, however, to construct a /\2 TM connection from
an area metric alone. This is because there is no antisymmetric pre-connection in terms of
G which could be used to complement the symmetric pre-connection.

In the search for geometric invariants of area metric manifolds one may now proceed
along two different routes. One possibility is the construction of invariants only involv-
ing the symmetric pre-connection, which is entirely in the spirit of area metric geometry,
but complicated by the non-linear structure of area spaces. This approach is currently
under investigation. The second possibility, which we will briefly explore in this section,
is to supply additional structure in order to extend the symmetric pre-connection to a
connection.

— 11 —



More specifically, we study the hierarchical structure of a manifold (M, g, G) with both
metric and area metric. The existence of the standard metric ¢ immediately induces the

vTM

metric compatible Levi-Civita connection on the tangent bundle which may now be

used to define an antisymmetric pre-connection
Dx[Q,¥] = G(VMQ, %) - G(Q, VIMY) (7.1)
for any vector X and sections €2, 3 of /\2 TM. In coefficients this reads
Earasbibze = 211, 1cGplag]bib, — (@102 < b1b2), (7.2)

where VIMe, = T'“e.. defines the coefficients of V™. The extension of the area metric

compatible symmetric pre-connection by the above antisymmetric pre-connection leads to
a A?TM connection as defined in (B.9),

1
whose coefficients have the simple form
ala alna 1 ala
T2 e = 45{17? 2]b2}c +46" I M G, - (7.4)

The affine structure provided by this connection on /\2 TM allows the definition of tensors
in standard fashion. We immediately may define the curvature tensor associated to V as

R(X,Y)Q = VxVyQ — VyVxQ — Vix 2 (7.5)

for vector fields X, Y and sections {2 of /\2 TM. There is also a tensor of first derivative
order, namely

T(X,Y,Z)=Vx(YANZ)—[X,Y] AN Z + terms cyclic in XY, Z. (7.6)
The components of these tensors are given by

R 41 apmn = 4Rl [a1|mn\662] + <VEMXCIC2a1a2n + XClC2f1f2melf2a1a2n —(m e nX}ja)

a2]

T, = 3X1e mnp)] (7.7b)

where the Riemann tensor of VITM appears. The tensor X is the difference between the
connections V and V™ on /\2 TM, given by the second term on the right hand side of
equation (7.4). In case the area metric on (M, g, G) is induced from the metric such that
G = Gy, one finds X = 0 such that the connection and curvature tensor on /\2 T'M coincide
with the lifts induced by the Levi-Civita connection.

8. Conclusion

Area metric manifolds present a true generalization of metric manifolds because only some
area metrics are induced by a metric. The geometric structure of area metric manifolds is
probed by minimal surfaces, the same way the structure of metric manifolds is probed by
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geodesics. However, a routine construction of covariant derivatives and tensors from the
area metric is obstructed by the non-linear variety structure of the spaces of areas. We find
that an area metric indeed only determines part of a connection, namely what we term
a symmetric pre-connection. Although this structure can be extended to a connection by
provision of an antisymmetric pre-connection, the latter is of no relevance to area geometry.

The equation for stationary surfaces is governed entirely by the symmetric pre-con-
nection. In fact, minimal surfaces with tangent areas {2 are characterized by a vanishing
mean curvature one-form,

Do =0, (8.1)

where Dy {2 is a derivative operator of areas acting on areas, constructed from the sym-
metric pre-connection. This identifies the operator D as the relevant differential geometric
structure of area metric manifolds. Owing to the non-linearity of the space of areas, D is
merely C°°-homogeneous in ¥, and thus local.

String theory is most naturally interpreted from the point of view of area metric
geometry. Indeed, the Polyakov action, including target space metric g and Neveu-Schwarz
two-form B, cannot be regarded as an area functional on a metric manifold. However, it is
classically equivalent to a one-parameter family of surface area functionals based on area
metrics Ggpy-1p = Gy + A~2Gp. Thus the associated symmetric pre-connection encodes
the geometric structure D of generalized string backgrounds, and the string equation of
motion takes the concise form (B.]).

This insight at the level of the fundamental string carries over to the string-induced
effective action on a D-brane: D-branes are area metric manifolds (M, G), but not metric
manifolds. The Dirac-Born-Infeld action may be regarded as the volume form of an area
metric, but not that of a metric. The area measure in this case is composed of the metric,
the B-field and the gauge field strength on the brane as Gy +~xG p42ra’F, Which is discussed
in more detail in the text. These results suggest that gravity on a D-brane should be
described by the dynamics of an area metric rather than by the dynamics of the more
restrictive structure of a metric. Following this line of thought will require the construction
of scalar invariants from the operator D, which is complicated due to the non-linearity of
area spaces, but is currently under investigation.

The complications in the construction of such true area geometric invariants may be
bypassed if additional structure is provided. On manifolds (M, g, G) equipped with a metric
and an independent area metric, scalar invariants can be constructed in standard fashion
using the extension of the symmetric pre-connection to a connection. This is not entirely
in the spirit of area geometry, but linked to ideas appearing in the context of higher gauge
theories.

In conclusion, area metric manifolds can be regarded as a geometric imperative to con-
sider strings: they only allow the discussion of stationary surfaces, not that of stationary
worldlines. Moreover, they easily accommodate generalized backgrounds via area measures
more general than those induced by a metric. Viewing string theory from this perspective
motivates the study of the differential geometry of area metric manifolds. With the help
of the differential operators constructed from the area metric we find that it is area metric

,13,



manifolds which capture the structure of effective string backgrounds, rather than metric
manifolds with additional fields. For this reason we expect that further development of
the geometry of area metric manifolds (which, for instance, could involve the development
of appropriate notions of isometries, curvature and related invariants, or the investigation
of holonomies) will shed light on effective dynamics appearing in string theory. In partic-
ular this should apply to the issue of gravity induced on D-branes, which is still largely
unresolved. Here, area metric geometry provides constructional tools beyond those of the
conventional differential geometry of metric manifolds.
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A. Conventions

In this appendix we explain our conventions for the coordinate representations of objects
and operations. Let M be a d-dimensional smooth manifold and {e,} a basis of TM. This
basis canonically induces the basis

{eay N+~ Neg, |ar <--- <ap} (A.1)
of /\k TM which is of dimension (g) Any section 2 of /\k TM can be expanded in this
basis in the following form,

1
k!

which defines the components of 2. Note that we adhere to the convention that sums

Q= QU-%ey A Aeg, = —Q% g Aey A .. (A.2)

over numbered indices aj ...a; are ordered sums over a1 < --- < ar. As an immediate
consequence of this convention we find the components of exterior products of sections

Qe N*TM and £ e N\ TM:

(Q A E)ab... _ <k;rl> Q[abz} ) (A3)
A basis {e*} of T* M induces the canonical basis {¢ A---Ae% |a; < --- < ap} of N¥T*M
which is dual to (A1) if {¢*} is dual to {e,}, in which case

€N NS ey N Nep,) = k!é[[gll ...62}5}] , (A.4)

where the right hand side are precisely the components of the identity on /\k TM. We also
define contraction symbols for Q € A" TM and w e A T*M:

QLw = TL QUWRPL oy A A gy, @ €T A A ebk (A.5a)

11+1
wiQ=(-D)"QLw. (A.5b)
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For k-forms ¥ € /\k T*M we define the exterior derivative such that

¥ = (k + 1)3[(112 }Eal ERRW Wl (Aﬁ)

az...0p41
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